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Comparison among Three Methods on the Best Combination
of the Gravity Field Wavelengths in Geoid Determination in
Egypt

Hussein A. Abd-Elmotaal · Atef Makhloof · Mostafa Ashry

Abstract The paper tests the optimal combination of
gravity field wavelengths in the geoid determination
process for Egypt in the framework of the remove re-

store technique. The current investigation considers a
comparison of three approaches, namely Stokes integral
using Heck and Grüninger modified kernel (Stokes/Heck

geoid), least squares modification of Stokes formula and
kernel (Stokes/LSMS geoid), and Stokes integral us-
ing window remove-restore technique (window geoid)

(Abd-Elmotaal and Kühtreiber, 2003). They have been
compared with Stokes integral using classical un-modified
Stokes kernel (classical Stokes geoid). The modified Stokes

kernel has been suggested to possibly combine the local
data signal with the global geopotential earth models.
The window technique has been suggested to get rid

of the double consideration of the topographic-isostatic
masses within the data window. The GOCE model the
GO CONS GCF 2 TIM R3 (Pail et al, 2011) geopoten-

tial model has been used. The available gravity, height
and GPS data for the current investigation are described.
All techniques have been used to determine a gravimet-

ric geoid for Egypt. A comparison among the used tech-
niques is made on two different levels; the residual grav-
ity anomalies after the remove step and the difference

between the computed geoids and the GPS/levelling
geoid.The results proved that the window technique re-
duced gravity anomalies suite best for interpolation and

other geodetic purposes. Also, using window remove re-
store technique in determining a gravimetric geoid for
Egypt can correctly handle the combination of the geoid

wavelength as it solve the problem of double consider-
ation or gabs which occurs due to remove-restore tech-
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nique with a scientific solution and it does not depend
on a trail solution as in kernel modification.

Keywords Modified Stokes Kernel · window tech-
nique · remove-restore technique · geoid determination ·
Egypt · LSMS

1 Introduction

The optimum combination of gravity field wavelengths
in the framework of geoid computation has been studied
by many authors for different regions of the earth. The

aim of this paper is a comparison among three meth-
ods on the best combination of the gravity field wave-
lengths in geoid determination in Egypt. This meth-

ods [Stokes’ integral using Heck and Grüninger mod-
ified kernel (Stokes/Heck geoid), least squares modifi-
cation of Stokes formula (LSMS geoid) and Stokes’ in-

tegral using window remove-restore technique (window
geoid)] are compared to Stokes’ integral using classical
un-modified Stokes’ kernel (classical Stokes geoid).

The available gravity, height and GPS data for the
current investigation are described. The GOCE model
GO CONS GCF 2 TIM R3 (Pail et al, 2011) geopo-

tential model has been used. The Stokes’ technique of
geoid determination, within the remove-restore scheme,
with un-modified and modified Stokes’ kernels, are de-

scribed. The window remove-restore technique (Abd-
Elmotaal and Kühtreiber, 2003) has been outlined. The
harmonic analysis of the topographic-isostatic potential

is then reviewed. The reduced gravity anomalies with
the traditional and window remove-restore techniques
are computed and compared. A gravimetric geoid for

Egypt has been computed using the four different ap-
proaches considered within the current investigation.
A wide comparison among these approaches has been

carried out in the framework of the geoid computation.
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Finally, all the computed geoids have been fitted to the

available GPS level stations using third order surface
polynomial.

It should be noted that many authors have sug-

gested different modifications of the Stokes’ kernel and
have studied the topic of the optimum combination of
gravity field wavelengths. The reader may refer, e.g., to

Sjöberg and Hunegnaw (2000); Sjöberg (2003a); Sjöberg
(2003b); Sjöberg (2004); Featherstone (1999); Feath-
erstone (2003); Abd-Elmotaal and Kühtreiber (2007);

Novák et al (2001); Vańıček and Featherstone (1998);
Huang et al (2000); Silva et al (2002).

2 The Data

2.1 Gravity Data

The gravity anomaly data, Fig. 1 shows irregular dis-
tribution with large gaps, especially on land. The cov-

erage at the Red Sea is rather good. The gravity data
covers the window (19◦N ≤ ϕ ≤ 35◦N and 22◦E ≤
λ ≤ 40◦E). The total number of points are 102,418

points with gravity anomalies range from −210.6 mgal
to 315.0 mgal. The distribution of the data points is
irregular with large gaps.

Fig. 1 Distribution of the used gravity data set.

2.2 GPS Benchmarks

Fig. 2 shows the GPS data points, which are used for

fitting the computed geoids. The total number of sta-

tions is too less compared with Egypt’s surface area.

The total number of GPS stations is 30 points with
geoid height range from 7.3 m to 21.5 m . The distri-
bution of the GPS stations is nearly homogeneous.

Fig. 2 Used GPS benchmarks with known orthometric
heights.

2.3 Digital Height Models

For the terrain reduction computation, a set of fine

and coarse Digital height Models is needed. Fine digi-
tal height model EGH13S03 3′′ × 3′′and coarse digital
height model is EGH13S30 30′′ × 30′′ DHM’s (Abd-

Elmotaal et al, 2013) are available for this investiga-
tion. They cover the window (19.0◦N ≤ ϕ ≤ 35.0◦N
and 22.0◦E ≤ λ ≤ 40.0◦E); cf. Fig. 3.

3 Traditional Remove-Restore Technique

Remove-restore technique consists of two steps. The
first step is to remove the effect of the topographic iso-

static masses and the effect of the global geopotential
model from the source gravitational data.The second
step is to restore the effect of the topographic isostatic

masses and the effect of the global geopotential model
to the resulting geoidal heights. For example, in the
case of gravity data, the reduced gravity anomalies in

the framework of the remove-restore technique are com-
puted by (see e.g.Vincent and Marsh (1974); Rapp and
Rummel (1975); Forsberg (1993); Sansó (1997)).

∆gred = ∆gF −∆gGM −∆gTI , (1)
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Fig. 3 The fine digital height model EGH13S03 (after Abd-
Elmotaal et al (2013)). Units in [m].

where ∆gF stands for the free-air anomalies, ∆gTI is
the effect of topography and its compensation on the
gravity anomalies, and ∆gGM is the effect of the ref-

erence field on the gravity anomalies. Thus, the final
computed geoid N within the remove-restore technique
can be expressed by

N = N∆g +NGM +NTI , (2)

where NGM gives the contribution of the reference field,
N∆g gives the contribution of the reduced gravity anoma-

lies, and NTI gives the contribution of the topography
and its compensation (the indirect effect).

4 Stokes’ Integral with Stokes’ Classical Kernel

In 1894, G.G. Stokes published a solution to the geode-

tic boundary value problem, which requires a global
integration of gravity anomalies over the whole Earth
to compute the separation (N) between the geoid and

reference ellipsoid.
Using Stokes’ integral, the contribution of the reduced
gravity anomalies N∆g is be given by (Heiskanen and

Moritz, 1967)

N∆g =
R

4πγ

∫∫
σ

∆gred S(ψ) dσ , (3)

where γ is the normal gravity, R is the mean Earth’s ra-

dius and S(ψ) stands for the Stokes un-modified kernel
given by (ibid., p. 94)

S(ψ) =
1

s
− 4− 6s+ 10s2 − (3− 6s2) ln(s+ s2) . (4)

with S(ψ) = sin ψ
2 and ψ is the spherical distance be-

tween the computational point P and the running point

Q. The evaluation of the integral in Eq. (3) is performed

by numerical integration. Hence, the integral is replaced
by a summation over two parameters covering theoret-
ically the whole surface of the sphere. Thus, Eq. (3)

becomes

N(ϕP , λP ) =
R∆ϕ∆λ

4πγ

∑
Q

(∆gQ cosϕQ)S(ψPQ) . (5)

As mentioned before within the remove-restore scheme,
Stokes technique, with classical Stokes kernel, cannot

correctly handle the combination of the different wave-
lengths of the earth’s gravity field. To solve this prob-
lem, the Stokes’ kernel may be modified. In the follow-

ing, different modified Stokes’ kernel will be studied.

5 Modified Stokes Kernel

The idea of modifying Stokes’ kernel is to reduce the
truncation error when limiting the area of integration

to a cap around the computation point originates with
M.S. Molodensky (Molodenesky et al, 1962).

5.1 Heck and Grüninger Modification

In 1987, a new modification to Stokes kernel has been

introduced by Heck and Grüninger (Heck and Grüninger,
1987) using a combination between Meissl modification
(Meissl, 1971), and Wong and Gore modification (Wong

and Gore, 1969). The Heck-Grüninger modified kernel
SHG(ψ) can be expressed as (Featherstone, 2003):

SHG (ψ) =

{
Sk (ψ)− Sk (ψ◦) , 0 ≤ ψ ≤ ψ◦ ,

0 , ψ◦ < ψ ≤ π ,
(6)

where

Sk(ψ) = S(ψ)−
k∑

n=2

2n+ 1

n− 1
Pn(cosψ) (7)

and

Sk(ψ◦) = S(ψ◦)−
k∑

n=2

2n+ 1

n− 1
Pn(cosψ◦) (8)

which reduces the truncation error, if coupled with the
removed-restore scheme (Featherstone, 2003). The de-
gree of modification k often ranges between 2 and 360

(e.g.,Vańıček and Featherstone (1998); Featherstone et al
(2011); Claessens et al (2011)). k is related to ψ◦ as fol-
lowing (Grombein and Seitz (2010)):

1. Choose a value of k.
2. Consider the modified Stokes kernel function for this

specific selected k.
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3. Search iteratively for the first minimum of SHG (ψ)

in Eq. (6) then you got ψ◦ corresponding to the
selected k.

The optimal cap size ψ◦ is empirically determined through
the comparison of the computed gravimetric geoid to

the GPS/levelling geoid.

5.2 Least Squares Modification of Stokes’ Formula and

Kernel

Stokes formula enables the determination of the geoidal
height from the global coverage of gravity anomalies. In

practice, the area of integration is limited, thus imply-
ing a truncation error of the estimated geoidal height.
The modification of Stokes formula allows the user to

compensate the lack of a global coverage of gravity data
by a combination of terrestrial gravity with a global
geopotential model (here the GO CONS GCF 2 TIM R3

(Pail et al (2011))).

Assuming a cap size σ◦ with spherical radius of in-
tegration ψ◦ around the computation point, Sjöberg
(2003c) presented a simple and general modification

model for Stokes’ formula by defining two sets of ar-
bitrary modification parameters (sn and bn) as follows
(c.f. Sjöberg (1984); Sjöberg (2003c)):

N =
c

2π

∫∫
σ◦

SL(ψ)∆gdσ + c
M∑
n=2

bn∆gn
EGM , (9)

where

bn = (Qn
L + sn

∗)
cn

cn + dcn
for 2 ≤ n ≤M, (10)

c =
R

2γ
, (11)

and ∆gn
EGM is the Laplace harmonics of degree n

and calculated from an EGM as follows (Heiskanen and
Moritz (1967): p. 89).

∆gn
EGM =

GM

a2

(a
r

)n+2

(n− 1)

n∑
m=−n

C̄nm S̄nm, (12)

where a is the equatorial radius of the reference ellip-

soid, r is the geocentric radius of the computation point,
and GM is the geocentric gravitational constant.

The coefficients C̄nm and S̄nm are the fully nor-
malized spherical harmonic coefficients of the disturb-

ing potential provided by the GGM given by (Heiskanen
and Moritz (1967), p.31):

C̄nm(θ, λ) =

√
2(2n+ 1)

(n−m)!

(n+m)!
Cnm(θ, λ)

, (m ̸= 0) (13)

S̄nm(θ, λ) =

√
2(2n+ 1)

(n−m)!

(n+m)!
Snm(θ, λ)

, (m ̸= 0) (14)

where

Cnm(θ, λ) = Pnm(cos θ) cosmλ, (15)

and

Snm(θ, λ) = Pnm(cos θ) sinmλ. (16)

The modified Stokes’s function is expressed as:

SL(ψ) =
∞∑
n=2

2n+ 1

n− 1
Pn(cosψ)−

L∑
n=2

2n+ 1

2
snPn(cosψ), (17)

where the first term on the right-hand side is the orig-
inal Stokes function, S(ψ), in terms of Legendre poly-
nomials.

Generally, the upper bound of the harmonics to be
modified in Stokes’s function, L, is arbitrary and not
necessarily equal to the GGMs′ upper limit, M . The

truncation coefficients can be given by (Sjöberg, 2003c):
In this research L has been taken to equal the GGMs′

upper limit, which equal 250 (Ellmann, 2005).

Qn
L = Qn −

L∑
k=2

2k + 1

2
sk enk, (18)

where the Molodensky’s truncation coefficients is given
by (Eq. (18) and enk are functions of ψo called Paul’s
coefficients (Paul (1973)).

Then, the geoidal height can be written in the fol-
lowing form (c.f. Sjöberg (2003b), Eq.8a).

N =
c

2π

∞∑
n=2

(
2

n− 1
−Qn

L − sn
∗)(∆gn + εn

T )

+c
M∑
n=2

(Qn
L + sn

∗)(∆gn + εn
s), (19)

where εn
T and εn

s are the spectral errors of the ter-
restrial and GGM of the derived gravity anomalies, re-
spectively. The modification parameters are:

sn
∗ =

{
sn , 2 ≤ n ≤ L

0 , otherwise
, (20)

bn
∗ =

{
bn , 2 ≤ n ≤ L
0 , otherwise

, (21)
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5.2.1 Determination of the Least-Squares Modification

Parameters

The expected mean square error of the least squares

estimator is minimized in a least squares sense result-
ing to the arbitrary parameters si given by the follow-
ing system of linear symmetric equations (Vańıček et al

(1987)):

L∑
r=2

akrsr = hk , k = 2, 3, . . . . . . .., L (22)

where

akr =
∞∑
n=2

EnkEnrCn + δkrCr − EkrCk − EkrCr ,(23)

and

hk = Ωk −QkCk +

∞∑
n=2

(QnCn −Ωk)Enk, (24)

where

Ωk =
2σ2

k

k − 1
, (25)

δkr =

{
1 , k ≤ r
0 , otherwise

, (26)

Ck = σ2
k


ck dck
ck + dck

, 2 ≤ k ≤M

ck , k > M
, (27)

Enk =
2k + 1

2
enk(ψ◦), (28)

and

enk(ψ◦) =

∫ π

ψ◦

Pn(cosψ)Pk (cosψ) sinψ dψ. (29)

The modification parameters sn vary, depending on the

quality of local gravity data, the chosen radius of inte-
gration ψ◦ and the characteristics of the GGM. The sys-
tem of equations in Eq. (23) is usually so ill-conditioned

that it cannot be solved by standard methods like Gaus-
sian elimination. To overcome this problem, Ellmann
(2005) and Ågren (2004) used the standard Singular

Value Decomposition (SVD) procedure provided. After
the numerical solution of sn , the corresponding coeffi-
cients bn are computed.

6 The Window Remove-Restor Technique

The window remove restor technique has been proposed
by (Abd-Elmotaal and Kühtreiber (1999), Abd-Elmotaal
and Kühtreiber (2003)) to get rid of the double con-

sideration of some of the topographic isostatic masses.

Thus it presents an alternative technique for better

combinations of the gravity field wavelength.
Fig. 4 shows schematically the conventional grav-

ity reduction for the effect of the topographic isostatic

masses. The short-wavelength part depending on the
topographic isostatic masses is computed for a point
P for the masses inside the circle. Removing the effect

of the long-wavelength part by a global earth’s grav-
itational potential reference field normally implies re-
moving the influence of the global topographic isostatic

masses, shown as a rectangle in Fig. 4. The double con-
sideration of the topographic isostatic masses inside the
circle (double hatching) is seen.

a

P

EGM

TC

.

Fig. 4 The traditional remove-restore technique.

A possible way to overcome this difficulty is to adapt
the used reference field due to the effect of the topo-
graphic isostatic masses for a fixed data window. Fig. 5

shows the advantage of the window remove-restore tech-
nique schematically; cf. (Abd-Elmotaal and Kühtreiber,
2003). Consider a measurement at point P , the short-

wavelength part depending on the topographic isostatic
masses is now computed by using the masses of the
whole data area (small rectangle). The adapted refer-

ence field is created by subtracting the effect of the to-
pographic isostatic masses of the data window, in terms
of potential coefficients, from the reference field coeffi-

cients. Thus, removing the long wavelength part by us-
ing this adapted reference field does not lead to a dou-
ble consideration of a part of the topographic isostatic

masses (no double hatched area in Fig. 5).
The remove step of the window remove-restore tech-

nique can then mathematically be written as (Abd-

Elmotaal and Kühtreiber, 2003)

∆gredwin = ∆gF −∆gGMAdapt −∆gTI win . (30)

where ∆gGMAdapt is the contribution of the adapted

reference field and ∆gTI win stands for the effect of the
topographic-isostatic masses within the fixed data win-
dow.

The restore step of the window remove-restore tech-
nique can be written as

N = N∆gwin +NGMAdapt +NTI win . (31)
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a

 adapted EGM

P

data area

TC
.

Fig. 5 The window remove-restore technique.

where NGMAdapt gives the contribution of the adapted
reference field andNTI win stands for the contribution of

topographic-isostatic masses of the fixed data window
(the indirect effect).

It should be noted that the effect of the reduced
anomalies ∆gredwin computed by Eq. (31) on the geoid
N∆gwin is computed using the Stokes’ integral with the

classical Stokes’ kernel given by Eq. (4).

7 Harmonic Analysis of the Topographic-
Isostatic Potential

The harmonic coefficients of the topography and its iso-
static compensation T̄nm as well as the harmonic series
expansion of the topographic-isostatic potential TTI(P )

can be expressed by (Abd-Elmotaal and Kühtreiber,
2003); (Hanafy, 1987)

TTI(P ) =
GM

r
P

∞∑
n=0

(
R

r
P

)n n∑
m=−n

T̄nmR̄nm(P ) , (32)

where

T̄nm =
R3

M(2n+ 1)(n+ 3)

∫∫
σ

{
δρQ

[(
1 +

HQ

R

)n+3

− 1

]

+ δρQ

(
1− T◦

R

)n+3
[(

1− TQ
R− T◦

)n+3

− 1

]}
·

· R̄nm(Q)dσQ , (33)

where T◦ is the normal crustal thickness, H is the to-

pographic height, t is the compensating root/antiroot
and M denotes the mass of the earth, given by

M =
4πR3

3
ρM (34)

where ρ
M

denotes the mean earth’s density (Sünkel,
1985)

ρM = 5.517 g/cm
3
.

For the practical determination of the harmonic coef-

ficient of the topographic isostatic potential, Eq. (33)

may be written as

T̄nm =
3∆ϕ∆λ

4πρ
M
(2n+ 1)(n+ 3)

ϕ∑
i

λ∑
j{

ρij

[(
1 +

Hij

R

)n+3

− 1

]
+

∆ρij

(
1− T◦

R

)n+3
[(

1− tij
R− T◦

)n+3

− 1

]}
×{

cosmλj
sinmλj

}
P̄nm(cos θi) cosϕi , (35)

where
∑

denotes the summation along ϕ and λ , ∆ϕ

and ∆λ are the grid sizes of the used digital height in
the latitude and longitude directions, respectively and
ρ is given by

ρ = ρ◦ for H ≥ 0 ,

ρ = ρ◦ − ρw for H < 0 , (36)

where ρ◦ denotes the density of the topography and ρw
is the density of ocean’s water. The density anomaly∆ρ
is given by

∆ρ = ρ1 − ρ◦ . (37)

In case of the Airy-Heiskanen isostatic model, the
thickness of root/anti-root t is determined by applying

the principle of mass balance, which can be written in
the spherical approximation as (Rummel et al, 1988)

ρ◦R
3

[(
1 +

H

R

)3

− 1

]
= (ρ1 − ρ0) (R− T0)

3 ×[
1−

(
1− t

R− T0

)3
]

(38)

This condition can be written for the thickness of the
root/anti-root t as follow:

t

R− T◦
= 1−

{
1− ρ

ρ1 − ρ

(
1− T0

R

)−3

×
(
1 +

H

R

)3

− 1

}1
3

(39)

where ρ is given by Eq. (36).

8 Gravity Reduction

The following parameter set has been used during the

gravity reduction and the geoid determination process
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Table 1 Statistics of the reduced gravity after each reduction
step (102,418 gravity stations). Units in [mgal]

Gravity type min max average std

∆gobs −210.6 315.0 −27.6 50.6

∆gAiry −96.7 138.0 14.7 27.4

∆gAiry win −93.7 117.3 −4.8 21.3

for the current investigation. They have proved practi-

cally to give the best results for Egypt (see, e.g., Abd-
Elmotaal (2008); Abd-Elmotaal (2014))

T◦ = 30 km ,

ρ◦ = 2.67 g/cm
3
, (40)

∆ρ = 0.40 g/cm
3
.

The GO CONS GCF 2 TIM R3 geopotential model, com-
plete to degree of order 250, has been used for the

traditional remove-restore technique. The GO CONS
GCF 2 TIM R3 geopotential model has been chosen
because it proved to give the best results for the Egyp-

tian gravity field (Abd-Elmotaal, 2015). An adapted
reference field has been created by subtracting the po-
tential coefficients of the topographic isostatic masses of

the data window (19◦N ≤ ϕ ≤ 35◦N and 22◦E ≤ λ ≤
40◦E) computed by Eq. (33) from the GO CONS GCF
2 TIM R3 coefficients. This adapted reference field has

been used for the window remove-restore technique.
Table 1 shows the statistics of the gravity reduction

after each reduction step for the traditional and window

remove-restore techniques. It should be noted that the
reduced anomalies for Stokes’ integral with modified
Stokes’ kernel are the same as those for the Stokes’

kernel with un-modified Stokes’ integral (the upper part
of Table 1).

Table 1 shows that using the window technique gives

the best reduced gravity anomalies. The range has drop-
ped by about 10% and the standard deviation drops
by about its one-fourth. Also the reduced anomalies

are better centered (less biased). This property makes
the window-technique reduced anomalies suite best for
interpolation and other geodetic purposes.

9 Geoid Computation

The contribution of the gravity anomalies on the geoid
undulation N∆g or N∆gwin has been computed by the

described techniques in secs. 4,5,6 to compute a gravi-
metric geoid for Egypt. These techniques are:

– Stokes’ integral using classical un-modified Stokes’

kernel (called in the sequel “classical Stokes geoid”),
– Stokes’ integral using Heck and Grüninger modified

Stokes’ kernel (called in the sequel “Stokes/Heck

geoid”),

Table 2 Statistics of the empirical tests for the cap size ψ◦
for the Stokes/Heck geoid

Differences to GPS/levelling geoid
Cap size k min max average std

m m m m

(ψ◦ = 1.0◦) 94 −7.728 3.389 −0.616 2.564
(ψ◦ = 1.5◦) 77 −7.345 3.605 −0.559 2.521
(ψ◦ = 2.0◦) 58 −5.794 4.576 −0.326 2.469
(ψ◦ = 2.5◦) 49 −7.286 3.883 −0.484 2.529
(ψ◦ = 3.0◦) 39 −7.378 3.927 −0.488 2.518

– Stokes’ integral using least squares modification of

Stokes formula (called in the sequel “LSMS/geoid”).
– Stokes’ integral using window technique (called in

the sequel “Window geoid”).

All computed geoids are compared to the GPS/levelling

derived geoid.

Figure 6 shows the absolute geoid difference be-
tween the classical Stokes geoid and the GPS/levelling
derived geoid. These absolute geoid differences range

between −2.8 m and 9.2 m with an average of 1.8 m
and a standard deviation of 3.0 m. For the case of

Fig. 6 Absolute geoid difference between classical Stokes
geoid and GPS/levelling geoid. Contour interval: 0.5 m.

Heck Geoid, the optimum cap size ψ◦ is also empirically
determined by comparing the computed Stokes/Heck

geoid to the GPS/levelling derived geoid. Table 2 shows
the statistics of the empirical tests for the cap size ψ◦
for the Stokes/Heck geoid. It shows that ψ◦ = 2.0◦

gives the optimum cap size in view of the mean and
the standard deviation of the absolute differences to
the GPS/levelling geoid. Figure 7 shows the absolute

geoid difference between the Stokes/Heck geoid (cap
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size ψ◦ = 2.0◦) and the GPS/levelling geoid. These

absolute geoid differences range between −5.79 m and
4.57 m with an average of −0.32 m and a standard de-
viation of 2.46 m. The range of geoid differences for the

Stokes/Heck geoid drops by about 0.9 m and the stan-
dard deviation drops by about 0.5 m compared to the
Stokes geoid. Figure 7 shows better polynomial struc-

ture of the absolute geoid differences than that of the
case of the Stokes geoid.

Fig. 7 Absolute geoid difference between Stokes/Heck geoid
(cap size ψ◦ = 2.0◦) and GPS/levelling geoid. Contour inter-
val: 0.5 m.

Figure (8) shows the absolute geoid differences be-

tween the Least squares modification of stokes’ formula
geoid and the GPS/levelling geoid. The absolute geoid
differences ranges between −8.5 m and 6.06 m with an

average of 0.43 m and a standard deviation of 2.64 m.
The maximum differences occur in Sinai and the South
of the Western desert.

Figure 9 shows the absolute geoid difference between

the window and the GPS/levelling geoids. These differ-
ences range between −3.4 m and 7.7 m with an average
of 0.6 m and a standard deviation of 2.8 m. The range of

geoid differences for the window geoid drops by about
1 m and the standard deviation drops by about 0.2 m
compared to the Stokes geoid. Figure 9 shows a better

polynomial structure of the differences than that of the
case of the Stokes geoid.

Figures 6 to 9 show that using the modified Stokes’

kernel or the window technique give better results than
Stokes’ integral with classical kernel. All techniques with
modified Stokes’ kernel as well as window technique give

comparable results. Using the modified Stokes’ kernel

Fig. 8 Absolute geoid differences between LSMS
geoid and GPS/levelling geoid. Contour interval:
0.5 m.

Fig. 9 Absolute geoid difference between window geoid and
GPS/levelling derived geoid. Contour interval: 0.5 m.

after Heck (Fig. 7) gives a slightly better polynomial

structure than the others.

The statistics of the absolute geoid differences be-
tween the computed geoids within the current inves-
tigation and the GPS/levelling geoid are shown in Ta-

ble 3. It shows that the un-modified Stokes geoid has the
worst differences to the GPS/levelling geoid. This con-
firms what has been stated earlier that using the clas-

sical un-modified Stokes kernel in the remove-restore
technique implies a wrong combination of the gravity
field wavelengths. Table 3 shows also that either us-

ing the window technique or the modified Stokes kernel
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gives better differences to the GPS/levelling geoid (in

terms of either the range or the standard deviation of
the differences).

Table 3 Statistics of the absolute geoid differences between
the computed geoids and the GPS/levelling geoid

Statistical parameter

Geoid technique min max range average std

m m m m m

un-modified Stokes −2.80 9.20 12.00 1.80 3.00

Heck Modification −5.79 4.57 10.36 −0.32 2.46

LSMS −8.50 6.06 11.58 0.43 2.64

Window Technique −3.40 7.70 11.10 0.60 2.80

10 Final Fitted Geoids

For the sake of completeness, the computed geoid mod-
els have been fitted to the available GPS/levelling sta-
tions using a third order surface polynomials. The fitted

geoid will be discussed in the following sections:

10.1 Classical Stokes Fitted Geoid

Figure 10 shows the classical Stokes fitted geoid using
third order surface polynomials. These values range be-

tween 2.02 m and 25.47 m with an average of 14.57 m
and a standard deviation of 3.93 m.

10.2 Modified Stokes Kernel Fitted Geoids

10.2.1 Stokes/Heck Fitted Geoid

Figure 11 shows the Stokes/Heck fitted geoid using third

order surface polynomials. These values range between
1.68 m and 23.84 m with an average of 14.33 m and a
standard deviation of 4.12 m.

10.2.2 Stokes/LSMS Fitted Geoid

Figure 12 shows the Stokes/LSMS fitted geoid using
third order surface polynomials. These values range be-
tween 0.79 m and 24.05 m with an average of 14.30 m

and a standard deviation of 4.21 m.

Fig. 10 Classical Stokes fitted geoid. Contour inter-
val: 0.5 m.

Fig. 11 Heck Stokes fitted geoid. Contour interval: 0.5 m.

10.3 Window Fitted Geoid

Figure 13 shows the window fitted geoid using third
order surface polynomial. These values range between

3.49 m and 26.07 m with an average of 14.57 m and
a standard deviation of 3.93 m. Figure 13 shows that
the window fitted geoid is more smoother than previous

geoids.

The remaining residuals at the GPS stations are

listed in table 4. Table 4 shows that the window tech-
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Fig. 12 LSMS fitted geoid. Contour interval: 0.5 m.

Fig. 13 Window fitted geoid. Contour interval: 0.5 m.

nique gives the best precise geoid in terms of the stan-

dard deviation (internal precision). The external geoid
quality (the geoid accuracy) can only be computed by
comparing at GPS stations which were not used in the

geoid fitting process.

It should be noted that alternative geoid fitting tech-
nique for Egypt has been proposed by (Abd-Elmotaal

and Makhloof, 2014). It aims to obtain the minimum
number of GPS stations used for fitting the physical
geoid. The remaining GPS stations are then used for

the external check of the geoid quality. Further details

Table 4 Statistics of The remaining residuals at the GPS
stations

Statistical parameter

Geoid technique min max range average std

m m m m m

un-modified Stokes −2.31 2.48 4.79 0.00 1.38

Heck Modification −3.37 3.15 6.52 0.00 1.56

LSMS −4.04 3.53 7.57 0.00 1.80

Window Technique −2.36 2.38 4.74 0.00 1.28

of that GPS fitting technique can be found in (Abd-
Elmotaal and Makhloof, 2014).

11 Conclusion

Within the remove-restore scheme, Stokes technique,
with classical Stokes kernel, cannot correctly handle the
combination of the different wavelengths of the earth’s

gravity field. A modification of the kernel or a new tech-
nique should be introduced. The results proved that all
tested techniques can handle the combination of the

geoid wavelengths within the remove-restore scheme.
The reduced gravity anomalies using the window tech-
nique are the smoothest (have the smallest standard

deviation), un-biased and have the smallest range. This
property makes the window reduced anomalies suit best
for interpolation and other geodetic purposes. The Stokes’

integral using modified Stokes’ kernels as well as us-
ing the window technique give better differences to the
GPS/levelling derived geoid. The absolute geoid differ-

ences using Heck and Grüninger modified Stokes kernel
are the smoothest (have smallest standard deviation),
un-biased and have the smallest range. The window fit-
ted geoid is, however, the most precise geoid (have the

smallest residuals at the GPS stations).

Finally, it is recommended to use the window-remove
restore technique in determining the gravimetric geoid
for Egypt as it can correctly handle the combination of

the geoid wavelengths in an unambiguous way and it
does not depend on a trail solution as in kernel modifi-
cation. Also, for interpolation and other geodetic pur-

poses, the window reduced gravity anomalies suite best
for interpolation and other geodetic purposes.

Acknowledgements This project was supported financially
by the Science and Technology Development Fund (STDF),
Egypt, Grant No. 366.



Comparison among Three Methods on the Best Combination of the Gravity Field Wavelengths 11

References
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